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Buckling and Quasistatic Thermal–Structural Response
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Analytical studies for buckling and the quasistatic thermal–structural response of an asymmetrical rolled-up
solar array of the type used on the Hubble Space Telescope are presented. A buckling analysis assuming asymmet-
ric loading because of geometric asymmetry establishes critical buckling forces and buckling modes. Quasistatic
thermal–structural responses of the solar array subjected to the sudden radiation heating typical of a night–day
orbital transition are also developed. Computationsconducted for the Hubble Space Telescope show that the solar
arrays were deployed with a solar blanket prestress that would induce global torsional buckling. Numerical com-
putations for the quasistatic response show that thermally induced bending–torsional deformations would cause
bending moments in the solar array’s booms consistent with the local buckling failure observed by the astronauts.

Nomenclature
A = two-element storable tubular extendable

member (BiSTEM) cross-sectionalarea, m2

b = half spreader bar width, m
b1 C b2 = solar blanket width, m
Ci j (i, j D 1, 2) = coef� cients of buckling equation; see

Eqs. (24) and (28)
c = BiSTEM speci� c heat, J/(kg ¢ K)
d = solar blanket � xed end offset, m
EI = BiSTEM bending stiffness, N ¢ m2

E C = BiSTEM warping stiffness, N ¢ m4

Fx = solar blanket tension, N/m
GJ = BiSTEM torsional stiffness, N ¢ m2

g1, g2 = nonhomogeneousterm due to thermal effects;
see Eq. (46)

h = BiSTEM wall thickness,m
IE = BiSTEM polar moment of inertia, m4

k = BiSTEM thermal conductivity,W/(m ¢ K)
L = solar array length, m
MT = thermal bending moment, N ¢ m
Mx1 , Mx2 = BiSTEM torque, N ¢ m
M1 , M2 = BiSTEM bending moment, N ¢ m
P = BiSTEM average axial force, N
Pcr = critical buckling force, N
P f 1 , P f 2 = ratios of P1 and P2 to P
P1, P2 = BiSTEM axial force, N
R = BiSTEM radius, m
s0 = solar heat � ux, W/m2

T = temperature, K
NT = average temperature,K
Tm = perturbation temperature, K
NTss = steady-state average temperature, K
T ¤ = steady-state perturbation temperature, K
t = time, s
V1 , V2 = BiSTEM shear force, N
wm = solar blanket de� ection, m
ws = spreader bar de� ection, m
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ws0, h s0 = center of spreader bar de� ection and rotation
w1, w2 = BiSTEM de� ection, m
x , y, z = solar array coordinates, m
xm = maximum bending moment position, m
a = BiSTEM coef� cient of thermal expansion,1/K
a s = BiSTEM thermal absorptivity
a 1, a 2 = magnitude of BiSTEM de� ection, m
b i , b 0

i (i D 1, 2) = torsional buckling eigenvalue [see Eq. (12)],
1/m

c 1, c 2 = magnitude of BiSTEM angle of twist, rad
d = Kronecker delta function
e s = BiSTEM thermal emissivity
h x1, h x2 = BiSTEM angle of twist, rad
k 1, k 2 = bending buckling eigenvalue [see Eq. (8)], 1/m
q = BiSTEM density, kg/m3

r = Stefan–Boltzmann constant, W/(m 2 ¢ K4)
t = thermal response time, s
v = BiSTEM angular coordinate, rad

Introduction

T HE Hubble Space Telescope (HST) was launched into low
Earth orbit aboard the Space Shuttle Discovery on � ight STS-

31 in April 1990, and the next day the HST was deployed success-
fully from the Discovery payloadbay. The problem of the spherical
aberration of the spacecraft mirror was discovered within a short
time after initial imaging data were acquired. Another spacecraft
problem, a pointing jitter induced by thermal bending of the solar
arrays, was also discovered during the initial checkout period. The
vibrationswere induced when the solar array structurewas exposed
to a sudden temperature change as the spacecraft passed through a
night–day orbital transition.The solar arrays were developedby the
EuropeanSpace Agencyand were basedon a � exible rolled-upsolar
array (FRUSA) concept.Each solar array consists of a � exible solar
blanket and two two-element storable tubular extendable members
(BiSTEMs), both of which were originally furled within a drum at
launch. Early analyses of the jitter problem indicated that the solar
array oscillations were related to thermally induced bending of the
BiSTEMs. In December 1993, the HST was repaired in orbit 590
km above Earth by astronauts aboard the Space Shuttle Endeavour.
The replacement of the solar arrays was among the most important
task of the mission. When the astronauts began to replace the so-
lar arrays, it became clear that a BiSTEM of one solar array was
damaged with a kink about midway along its length. Though other
solar arrays were retracted into their storage canisters prior to their
replacement according to the mission plan, the damaged solar array
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could not be retracted,and it was jettisoned.Photographsof the so-
lar arrays taken by the astronauts indicated an unexpected twisting
of the solar arrays, for example, see Refs. 1 and 2.

There were clearly some problems with the thermal–structural
design of the HST solar arrays that led to the vibration problem and
the BiSTEM failure. However, not many details are available in the
public domain. Several engineering questions still remain. Is the
failure of the solar array BiSTEM related to the twisting behavior,
and what is the role of the thermal effect? Chaisson3 describes the
sequence of events that led to the identi� cation of solar array as the
cause of the HST pointing jitter problem. Thornton and Kim4 de-
scribe an analysis of the thermal–structural responses of a symmet-
ric FRUSA model for a typicalnight–day transition.Uncoupledand
coupled thermal–structural dynamic responses were studied using
an analytical model restricted to symmetric bending deformations
of the solar array. They calculatedbuckling forces, natural frequen-
cies, and modes for bending vibration and obtained the temperature
histories as well as quasistatic and dynamic structural responses
based on the uncoupled analysis. The stability criterion for ther-
mal � utter was also established by a coupled thermal–structural
analysis. However, the critical bending buckling force was more
than three times the HST BiSTEM’s compressive force. Chung and
Thornton5 focused on a torsional analysis of a symmetric FRUSA
model. A torsional buckling analysis was conducted using an an-
alytical model restricted to antisymmetric torsional deformations
of the solar array. Effects of initial imperfections on the torsional
deformation and natural vibrations in the torsional mode were also
presented. The torsional buckling force was approximately equal
to the HST BiSTEM’s compressive force, which suggests a rela-
tion between the BiSTEM failure and torsional buckling. However,
examinationof the HST solar array geometry suggests that it is im-
portant to consider the asymmetry of the solar array. An HST solar
array is not exactly symmetric about its centerline; its solar blanket
is shifted slightly toward the outer BiSTEM. Even though the solar
array was heated by uniform radiation, coupled bending–torsional
deformations occur because of the asymmetry.

This paper describes buckling analyses and quasistatic thermal–
structural analyses of an asymmetric FRUSA model to determine a
betterunderstandingof the causes of the HST’s vibrationand failure
problems. Buckling analyses considering the geometric asymmetry
establish solar array critical buckling forces and buckling modes.
The effect of theoffset of the � xed supportedend of the solar blanket
on the bending–torsional coupling deformations of the solar array
is investigated. Moreover, quasistatic structural responses of the
solar array subject to sudden radiant heating for a typical night–day
orbital transitionare also presented.Variationsof the de� ection and
the bending moment of the BiSTEM with axial compressive force
are calculated,and thecauseof the failureof the solar arrayBiSTEM
of the HST is discussed.

Solar Array Model
The HST solar array in-orbit con� guration consists of two iden-

tical winglike structures.Each wing has two � exible solar blankets
that are deployedfrom a drum mounted on a shaft cantileveredfrom
the spacecraft. Each solar blanket is unfurled by a rotating actuator
mechanism that pushes the two BiSTEM booms from the drum.
The deployed ends of the BiSTEMs are connected to a spreader bar
to which one end of the solar blanket is attached. A BiSTEM is
made from thin stainless-steeltapes formed into circular open cross
sections. In their stored con� guration, each tape is � attened and
stored on a spool within the drum mechanism. During deployment,
the stored elastic energy in the � attened tape assists the unfurling
mechanisms as each STEM extends and curls back to its original
shape, with seams diametricallyopposed, forming a BiSTEM. The
spreader bar houses a mechanism that compensates for a difference
in the BiSTEMs lengths. The storage drum houses a torque mecha-
nism that maintainsblanket tension.Thus, during orbitaloperations,
the blanket tension on the spreader bar exerts a compressive force
on each BiSTEM.

The mathematical model and coordinate system used in the sub-
sequent analyses are shown in Fig. 1. The model assumes that 1)
the solar blanket is an inextensiblemembrane whose thermal expan-
sionsand contractionsareneglected,2) the solar blanketis subjected

Fig. 1 Solar array analytical model.

to uniform tension in the x directionand the membrane tensile force
Fx per unit width is constant,3) the inner and outerBiSTEM booms
are identical cantilevered beams subjected to different axial com-
pressive forces P1 and P2, respectively, 4) torsional rotations are
suf� ciently small so that the BiSTEMs’ bending displacements oc-
cur only in the x¡z plane,5) thermalexpansionsof theBiSTEMs are
neglected,and 6) the spreaderbar is a rigidmember of length 2b and
supports the membrane tensile force over a length b1 C b2 . For the
determinationof the temperature distributions, the BiSTEM booms
are assumed to be one-piece, thin-walled circular section beams.

Buckling Analysis
For the buckling analysis, two models are employed. In the � rst

model, the � xed end of the solar blanket at x D 0 is assumed to lie
in the x¡y plane, as shown in Fig. 1. This model is an idealization
of the HST solar array, where there is an offset of the solar blanket
so that the support at x D 0 is offset a small distance d above the y
axis. In the second model, the blanket offset is considered.

Without Blanket Offset
When the solar blanket is subjected to uniform tensile forces Fx

per unit length, the axial compressible forces on the two BiSTEMs
are assumed to be represented by P1 and P2 , where subscripts 1
and 2 are the inner BiSTEM and the outer BiSTEM, respectively.
Equilibriumof forceson the spreaderbar in the x directionand equi-
librium of moments about the z axis are presented by the following
equations:

P1 C P2 ¡
Z b2

¡b1

Fx dy D 0 (1)

P1b ¡ P2b C
Z b2

¡b1

Fx y dy D 0 (2)

Solving these equations for P1 and P2 yields

Pi D P f i P, i D 1, 2 (3a)

P f 1 D 1 ¡
b2 ¡ b1

2b
(3b)

P f 2 D 1 C
b2 ¡ b1

2b
(3c)

Nondimensionalfactors P f i (i D 1, 2) have values between 0.5 and
1.5 if we assume that 0 < b1 , b2 < b. An averageaxial compressive
force P for the BiSTEMs is de� ned by

P D 1
2
Fx (b1 C b2) (3d)

Considering effects of the compressive axial forces, the equation
and the boundaryconditionsfor a BiSTEM are describedas bending
of a Bernoulli–Euler beam:

EI
d4wi

dx4
C Pi

d2wi

dx2
D 0, i D 1, 2 (4)

wi (0) D 0,
dwi

dx
(0) D 0, Mi (L) D 0 (5)
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where Mi is the BiSTEM boom bending moment de� ned by

Mi D ¡EI
d2wi

dx2
(6)

De� ections of the BiSTEMs are obtained by solving Eq. (4) subject
to the boundary conditions Eq. (5). The result is

wi (x) D a i ftan k i L(1 ¡ cos k i x) ¡ ( k i x ¡ sin k i x)g (7)

where a i (i D 1, 2) in Eq. (7) are constants.Parameters k i (i D 1, 2)
are de� ned by

k 2
i D Pi / EI D P f i (P / EI ) (8)

The equation and the corresponding boundary conditions for
BiSTEM torsion including the effects of axial compressive forces
are expressed as

E C
d4 h xi

dx4
¡ G J ¡

Pi IE

A

d2 h xi

dx2
D 0, i D 1, 2 (9)

h xi (0) D 0,
d h xi

dx
(0) D 0,

d h xi

dx
(L) D 0 (10)

The latter two boundaryconditionsmean that theBiSTEM crosssec-
tion is restrained from warping at both ends. There are two possible
solutions to Eq. (9) under the boundary conditions equation (10)
depending on the sign of b 2

i :

h xi (x) D c i fsinh b i L(sinh b i x ¡ b i x)

¡ (1 ¡ cosh b i L)(1 ¡ cosh b i x)g (11a)

when b 2
i ¸ 0 and

h xi (x) D c i fsin b 0
i L(sin b 0

i x ¡ b 0
i x) C (1 ¡ cos b 0

i L)(1 ¡ cos b 0
i x)g
(11b)

when b 2
i < 0, where b i and b 0

i are de� ned by Eq. (12). If Pi is
relatively small, it can be assumed that b 2

i > 0, and then

b 2
i D (1/ E C )[G J ¡ ( Pi IE / A)] D (1/ E C )[G J ¡ P f i (P IE / A)]

(12a)

b 02
i D ¡ b 2

i (12b)

The constants c i (i D 1, 2) in the solutions for the BiSTEM angle
of twist can be expressed in terms of a i considering the geometrical
restraint conditions for the rotations of the BiSTEM tips. That is,
because we assume that the spreader bar is a rigid body, the angle
of twist at the BiSTEM tips must be equal to the rigid rotation angle
of the spreader bar (Fig. 2a). Then

h x1(L) D h x2(L) D (1/ 2b)fw2(L) ¡ w1(L)g (13)

Substituting Eqs. (7) and (11), the constants c i are expressed, de-
pending the sign of b 2

i , as

c i D 1

2b

a 1(tan k 1 L ¡ k 1L) ¡ a 2(tan k 2 L ¡ k 2 L)
b i L sinh b i L C 2(1 ¡ cosh b i L)

(14a)

when b 2
i ¸ 0 and

c i D
1

2b

a 1(tan k 1 L ¡ k 1L) ¡ a 2(tan k 2 L ¡ k 2 L)
b 0

i L sin b 0
i L ¡ 2(1 ¡ cos b 0

i L)
(14b)

when b 02
i D ¡ b 2

i > 0.
The solarblanketis modeledas a membranewith constanttension

Fx . Because the membranehas a high aspect ratio and the transverse
edges of the membrane are free, the tension Fy that is perpendicular
to Fx is neglected.Because the solar blanket is free from transverse
pressure, the classicalequilibriumequation for a membrane reduces
to

Fx
¶ 2wm

¶ x2
D 0 (15)

a) BiSTEMs and solar blanket

b) Forces on spreader bar

Fig. 2 Displacements and forces of the solar array elements.

and the boundary conditions are

wm (0, y) D 0, wm(L , y) D ws(y) (16)

Because we assume the spreader bar is rigid, ws may be written
using the de� ection of its center of mass ws0 and the rigid rotation
angle of the spreader bar h s0:

ws(y) D ws0 C y h s0 (17)

For small rotations, the de� ection and the rotation of the spreader
bar are expressed using the tip de� ections of the BiSTEMs:

ws0 D 1
2
fw1(L) C w2(L)g (18a)

h s0 D (1/ 2b)fw2(L) ¡ w1(L)g (18b)

Solving Eq. (15) subject to the boundary conditions equation (16)
and using the precedingthree equations,the solar blanket de� ection
can be written as

wm (x , y) D 1
2 (x / L)

£ [f a 2(tan k 2L ¡ k 2 L) ¡ a 1(tan k 1 L ¡ k 1L)g(y/ b)

C f a 1(tan k 1 L ¡ k 1L) C a 2(tan k 2L ¡ k 2 L)g] (19)

Next, let us consider force and moment equilibrium of the
spreader bar in each direction. First, from the force equilibrium
in the x direction and moment equilibrium about the z axis, the
relation between Fx and P is

Fx D 2P

b1 C b2

(20)
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Force equilibrium of the spreader bar in the z direction is obtained
with reference to the free body diagram shown in Fig. 2b:

V1(L) C V2(L) C
Z b2

¡b1

Fx
¶ wm

¶ x
(L , y) dy

¡ P1
dw1

dx
(L) ¡ P2

dw2

dx
(L) D 0 (21)

where Vi is de� ned by

Vi D ¡EI
d3wi

dx3
(22)

Equation (7) for the BiSTEM de� ection and Eq. (19) for the solar
blanket de� ection are used to express each term in Eq. (21) in terms
of the a i . Thus, we obtain the following equation for a i :

C11( P) a 1 C C12(P) a 2 D 0 (23)

where each coef� cient C1i (i D 1, 2) is a functionof P de� ned by

C11(P) D P f 1 P k 1 C P
tan k 1 L ¡ k 1 L

L
1 ¡

b2 ¡ b1

2b
(24a)

C12(P) D P f 2 P k 2 C P
tan k 2 L ¡ k 2 L

L
1 C

b2 ¡ b1

2b
(24b)

Finally, we consider moment equilibrium of the spreader bar about
the x axis. We refer again to the free body diagram shown in Fig. 2b
and obtain

Mx1(L) C Mx2(L) ¡ bV1(L) C bV2(L) C bP1
dw1

dx
(L)

¡ bP2
dw2

dx
(L) C

Z b2

¡b1

Fx
¶ wm

¶ x
(L , y)y dy D 0 (25)

where the BiSTEM torque Mx i is de� ned by

Mxi D G J ¡
Pi IE

A

d h xi

dx
¡ E C

d3 h xi

dx3
(26)

Each term in the preceding equation is expressed in terms of a i ,
after substituting Eqs. (7) and (11) for the BiSTEM de� ection and
rotation, respectively, and Eq. (19) for the solar blanket de� ection.
We rearrange the expression and obtain, � nally,

C21( P) a 1 C C22(P) a 2 D 0 (27)

where coef� cients C21 and C22 are functions of P , and if b 2
i > 0

they are expressed as follows:

C21( P) D P f 1 Pb k 1 C Pb
tan k 1 L ¡ k 1L

L

£
b2

2 ¡ b1b2 C b2
1

3b2
¡

b2 ¡ b1

2b
C tan k 1 L ¡ k 1L

2b

£
2X

i D 1

G J ¡ P f i
PIE

A

b i sinh b i L

b i L sinh b i L C 2(1 ¡ cosh b i L)

(28a)

C22( P) D ¡P f 2 Pb k 2 ¡ Pb
tan k 2 L ¡ k 2 L

L

£
b2

2 ¡ b1b2 C b2
1

3b2
C

b2 ¡ b1

2b
¡ tan k 2 L ¡ k 2L

2b

£
2X

i D 1

G J ¡ P f i
PIE

A

b i sinh b i L

b i L sinh b i L C 2(1 ¡ cosh b i L)

(28b)

If b 2
i < 0, the terms including the hyperbolic functions in Eq. (28)

are replaced by the term

b 0
i sin b 0

i L

b 0
i L sin b 0

i L ¡ 2(1 ¡ cos b 0
i L)

(28c)

including trigonometric functions.
With matrix notation,Eqs. (24) and (27) are expressed in concise

form as

C11(P) C12(P)

C21(P) C22(P)

a 1

a 2
D

0

0
(29)

Both k i and b i are de� ned in terms of the compressiveaxial force of
the BiSTEM in Eqs. (8) and (12), respectively.Thus, the coef� cients
of the simultaneous equations Ci j are determined by the BiSTEM
compressive axial forces, geometric and physical properties of the
solar array.The characteristicequationfor the criticalbucklingforce
is obtained as the expression that means a nontrivial solution for a i

exists in Eq. (29). That is, the determinant of the coef� cient matrix
of Eq. (29) must vanish:

det[Ci j ] D C11C22 ¡ C12C21 D 0 (30)

This relation is a transcendentalequation for P , and we may solve
it numerically for the critical buckling forces.

When the solar array is symmetric about its centerline, that is,
when b1 D b2 D b0, the coef� cients satisfy

C12 D C11, C22 D ¡C21 (31)

Therefore, the determinant in Eq. (30) becomes det[Ci j ] D
¡2C11C21 , and the characteristic equation for the bending mode
buckling forces and the characteristic equation for the torsional
mode buckling forces are uncoupled.For bending, the critical buck-
ling forces obtained from the equation C11 D 0 are

Pcr D n2( p 2 EI / L2), n D 1, 2, 3, . . . (32)

These agreewith the bendingbucklingforcesof the symmetric solar
array calculated in Ref. 4. If b 2

i > 0, rearrangementof the equation
C21 D 0 gives the following expression for the torsional buckling
loads:

Pb k C
Pb02

3bL
(tan k L ¡ k L)

C
( b / b)[G J ¡ ( PIE / A)](tan k L ¡ k L)

b L C [(1 ¡ cosh b L)2/ sinh b L] ¡ sinh b L
D 0 (33)

This equation is the same as the characteristicequation for torsional
buckling forces formulated in Ref. 5 for a symmetric solar array.

With Blanket Offset
With reference to Fig. 3, let us consider the case in which the

solar blanket does not exist in the plane including the two BiSTEMs
and the spreader bar. We assume that the � xed supported end of the
solar blanket is located at a distance d out of the plane from the
� xed ends of the BiSTEMs. Thus, the � rst equationof the boundary
conditionsof the solar blanket de� ection, Eq. (16), is replaced with
the following equation:

wm(0, y) D d (34)

A similar formulation was conducted considering this condition,
assuming that the offset d is small so that d / L ¿ 1 is satis� ed.
Finally, instead of Eq. (29) we obtain the following simultaneous
equations:

C11( P) C12( P)

C21( P) C22( P)

a 1

a 2
D P

d

L

2

b1 ¡ b2

(35)

where Ci j (i, j D 1, 2) are the coef� cients de� ned by Eqs. (24) and
(28) and are functions of the average compressive axial force of
the BiSTEM. By considering the de� ection as the sum of a static
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Fig. 3 Out-of-plane offset of solar blanket � xed supported end.

de� ection and an increment due to the buckling deformation, it is
shown that the critical buckling forces are calculated by the same
characteristic equation det[Ci j ] D 0 as the case d D 0. That is, the
small offset d does not affect the buckling forces. If det[Ci j ] 6D 0,
Eq. (35) can be solved for a i uniquely, and � nite de� ections are
determined according to the value of the compressive force P . The
existenceof the offset d has similar effects as the existenceof initial
imperfections. Using a i obtained by solving Eq. (35), de� ections
of the BiSTEMs are calculated by Eq. (7), and the rotations are
calculated by Eq. (11) coupled with Eq. (14). Instead of Eq. (19),
the solar blanket de� ection is obtained by the following equation
including the effects of the offset d:

wm (x, y) D 1
2 (x / L)[f a 2(tan k 2L ¡ k 2 L)

¡ a 1(tan k 1 L ¡ k 1 L)g(y/ b) C fa 1(tan k 1 L ¡ k 1 L)

C a 2(tan k 2 L ¡ k 2 L)g] C d[1 ¡ (x / L)] (36)

Buckling of HST Solar Array
Numerical calculations presented hereafter use data6,7 for the

HST solar arrays as shown in Table 1. The BiSTEM material is
stainless steel.

Without Blanket Offset
Table 2 shows Pcr values of the HST solar array obtained by

solvingEq. (30). When theaveragecompressiveaxial force P agrees
with these critical values, buckling of the whole solar array occurs.
The minimum value of the buckling forces is predicted to be about
15 N, and this value is only slightly larger than the design value of
the average axial force of a BiSTEM of 14.75 N as determined by
the membrane tension Fx [see Eq. (3d)].

The lower two buckling modes are shown in Fig. 4. It is clear
that the � rst buckling mode shown in Fig. 4a is dominated by the
torsional deformation of the solar array. The deformation is not
symmetric, so that the outer BiSTEM de� ects a little more than
the inner BiSTEM; the ratio of their tip de� ections w2(L)/ w1(L) is
1.03.The second bucklingmode (Fig. 4b) is predominantlybending
including a small torsional deformation component. In this case the
de� ection of the outer BiSTEM is less than the inner BiSTEM’s
de� ection: w2(L)/ w1(L) D 0.95. Coupling between bending and
torsionaldeformationsis more marked in the higherbucklingmodes
not shown here.

Variationsof the buckling forces were computed for variationsof
the difference D b D (b2 ¡ b1)/ 2, assuming the width of the solar
blanket b1 C b2 to be constant. These results (not shown) indicate
that the torsionalbucklingforcerises and the bendingbucklingforce
falls with increasingD b.

Table 1 Solar array properties of the HST

Half spreader bar width b D 1.4283 m
Solar blanket width b1 C b2

b1 D 1.1383 m
b2 D 1.2493 m

Solar array length L D 5.91 m
Offset of solar blanket d D 0.0 or 0.0376 m
Wall thickness h D 2.35 £ 10¡4 m
Radius R D 1.092 £ 10¡2 m
Bending stiffness EI D 1.711 £ 102 N ¢ m2

Warping rigidity E C D 4.991 £ 10¡1 N ¢ m4

Torsional rigidity G J D 6.503 £ 10¡3 N ¢ m2

Cross-sectional area A D 1.613 £ 10¡5 m2

Polar moment of inertia IE D 1.948 £ 10¡9 m4

Coef� cient of thermal expansion a D 1.629 £ 10¡5 1/K
Thermal absorptivity a s D 0.5
Thermal emissivity e s D 0.13
Solar heat � ux s0 D 1.350 £ 103 W/m2

Speci� c heat c D 5.020 £ 102 J/(kg ¢ K)
Thermal conductivity k D 1.661 £ 101 W/(m ¢ K)
Density q D 7.010 £ 103 kg/m3

Stefan–Boltzmann constant r D 5.670 £ 10¡8 W/(m2 ¢ K4)

Table 2 Buckling forces of HST solar array

Mode Buckling force Pcr , N

First 14.9916
Second 48.3406
Third 111.852
Fourth 193.363
Fifth 305.421
Sixth 435.070

a) First mode

b) Second mode

Fig. 4 Lower two buckling modes of HST solar array.

With Blanket Offset
Tip de� ections of the BiSTEMs computed including the out-of-

planeoffsetd of the � xed endof the solarblanketare shown in Fig. 5.
This result shows the variation of the tip de� ections as the average
compressive axial force P of the BiSTEMs increases. If P is small,
bendingdeformationof thewhole solar arrayoccurs.As P increases
to Pcr, torsional deformation becomes dominant. As P approaches
Pcr from below, the de� ection due to torsion becomes much larger
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Fig. 5 BiSTEM tip de� ections due to out-of-plane offset of solar blan-
ket.

than the bending de� ection. The tip de� ections occur in opposite
directions, and the tip de� ection of the inner BiSTEM becomes
negative. Because we can calculate the de� ections due to the offset
d except when P D Pcr, the results are shown also for P larger than
Pcr. It is interesting that the theory predicts the direction of the
torsionaldeformation to be reversed when the average compressive
axial force is larger than Pcr.

Thermal Analysis
In the uncoupledthermal–structuralanalysesshownhereafter,the

temperature distribution is assumed to be independentof structural
deformations.The thermal analysis is presented in Refs. 4, 8, and 9.
The solar array is subjected to an incident solar heat � ux s0 from
the positive z direction that varies as a step function with time. The
incident � ux s0 is assumed to be constant for time t > 0. Earth emit-
ted and re� ected radiation heatings are neglected. The thin-walled
circular section boom, which is a simple model of the BiSTEM, is
idealizedby the followingassumptions:1) Radiationheating is uni-
form along the boom length, and heat conduction along the boom
length is negligible; 2) the boom wall thickness is so small that the
temperature gradient across it can be neglected; 3) radiation heat
transfer inside the boom is negligible; and 4) thermal properties are
assumed to be constant. With these assumptions, the temperature
distribution is a function of time t and the angular coordinate v of
the boom cross section. The temperature distribution is represented
as the sum of an average temperature NTi (t ) and a perturbation tem-
perature Tmi (t ) cos v , that is,

Ti ( v , t ) D NTi (t ) C Tmi (t ) cos v (37)

The perturbation temperature that varies around the tube circumfer-
ence induces a thermal bending moment that causes the BiSTEM
boom to bend. References 4, 8, and 9 show that

Tmi (t ) D T ¤(1 ¡ e¡t / t ) (38)

where

T ¤ D 1
2 ( a ss0/ q ch) t

(39)

1/ t D (k/ q cR2) C (4 e s r / q ch)[(1/ p )( a ss0/ e s r )]
3
4

The temperature T ¤ is the steady-state value of the perturbation
temperature,and theparameter t is a characteristicthermalresponse
time.

Quasistatic Thermal–Structural Response
We now consider the thermal–structural response of the solar

array when both BiSTEM booms are subjected to the same uniform
radiation heating. Here, the quasistatic thermal response neglecting
structural inertial forces is determined. In this case, the equations

and boundary conditions for the BiSTEM bending and torsion and
solar blanket de� ection can be expressed in a manner similar to that
of the buckling analysis. First, the partial differential equations and
the boundary conditions for BiSTEM bending are

EI
¶ 4wi

¶ x4
C Pi

¶ 2wi

¶ x2
C

¶ 2 MT

¶ x2
D 0, i D 1, 2 (40)

wi (0, t) D 0,
¶ wi

¶ x
(0, t) D 0, Mi (L , t ) D 0 (41)

where Mi is de� ned by

Mi D ¡EI
¶ 2wi

¶ x2
¡ MT (42a)

and MT is de� ned as an integration over a cross section by

MT D
Z

A

E a T z dA (42b)

After substitutingtheperturbationtemperaturedistributionequation
(37), the thermal bending moment of a thin-walled circular section
boom is given as

MT (t ) D
EI a Tm (t )

R
(43)

where for a thin-walled circular section I D p R3h. Because we
assume that the two BiSTEM booms are subjected to the same ra-
diation heating, the temperature distributions of the BiSTEMs are
identical. Then we can omit the subscript i for the temperature dis-
tribution T and the perturbation temperature Tm .

The partial differential equation and the boundary conditions for
the BiSTEM torsionaldeformation are the same as given in Eqs. (9)
and (10), except that now h xi depends on x and t . When Pi is small,
it is satisfactory to assume that the parameter b i given by Eq. (12)
satis� es b 2

i > 0. The following formulations take b 2
i > 0 unless

otherwise speci� ed. It is easy to obtain the solutions for b 2
i < 0 by

repeating the same procedure.
The equation and the boundary conditions for the solar blanket

de� ection including the effects of the offset d are presented as

Fx
¶ 2wm

¶ x2
D 0 (44)

wm (0, y, t) D d , wm(L , y, t ) D ws0 C y h s0 (45)

Each of these equations is solved subject to the corresponding
boundary conditions considering the geometrical restraint condi-
tions for the torsional angle of the BiSTEM tip [Eq. (13)] and the
relationsbetween thede� ectionand rotationof the rigidspreaderbar
and the BiSTEM tip de� ections [Eq. (18)]. Next, we express both
the force and the moment equilibrium equations of the spreader
bar in the same manner as the formulation of the buckling analysis
using these results. Then the following simultaneous equations for
the parameter a i , which determine the magnitude of the BiSTEM
de� ections, are obtained:

C11(P) C12(P)

C21(P) C22(P)

a 1

a 2
D

g1

g2

(46)

where each term of the coef� cientmatrix is de� ned by Eqs. (24) and
(28). The terms on the right-hand side of the equation are de� ned
as

g1 D
MT

L
1 ¡ cos k 1 L

cos k 1 L
C 1 ¡ cos k 2 L

cos k 2 L
C 2P

d

L
(47a)
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g2 D
MT b

L

1
P f 1

1 ¡ cos k 1 L

cos k 1 L

b2
2 ¡ b1b2 C b2

1

3b2
¡

b2 ¡ b1

2b

¡
1

P f 2

1 ¡ cos k 2 L

cos k 2L

b2
2 ¡ b1b2 C b2

1

3b2
C

b2 ¡ b1

2b

¡
MT

2Pb
1

P f 2

1 ¡ cos k 2 L

cos k 2 L
¡ 1

P f 1

1 ¡ cos k 1L

cos k 1 L

£
2X

i D 1

G J ¡ P f i
PIE

A

b i sinh b i L

b L sinh b L C 2(1 ¡ cosh b L)

¡ 2Pb
d

L

b2 ¡ b1

2b
(47b)

Unless the average P is equal to Pcr, the value of a i is obtained by
solving Eq. (46):

a 1

a 2
D 1

C11C22 ¡ C12C21

C22g1 ¡ C12g2

† ¡ C21g1 C C11g2

(48)

The de� ections and the angles of twist of the BiSTEMs are

wi (x , t ) D a i ftan k i L(1 ¡ cos k i x) ¡ ( k i x ¡ sin k i x)g

¡
MT

P

1
P f i

1 ¡ cos k i x

cos k i L
(49)

h xi (x) D c i fsinh b i L(sinh b i x ¡ b i x)

¡ (1 ¡ cosh b i L)(1 ¡ cosh b i x)g (50a)

where

c i D ¡
h s0

b i L sinh b i L C 2(1 ¡ cosh b i L)
(50b)

The numerator is the BiSTEM tip angle of twist. It is given by

h s0 D h xi (L , t) D 1

2b
f a 2(tan k 2 L ¡ k 2L) ¡ a 1(tan k 1L ¡ k 1 L)g

¡
MT

2Pb

1
P f 2

1 ¡ cos k 2 L

cos k 2 L
¡ 1

P f 1

1 ¡ cos k 1L

cos k 1 L
(50c)

The solar blanket de� ection is written as

wm (x , y, t ) D (x / L)(ws0 C y h s0) C d[1 ¡ (x / L)] (50d)

where the de� ection of the center of mass of the spreader bar ws0 is
given by

ws0 D 1

2
f a 1(tan k 1 L ¡ k 1L) C a 2(tan k 2L ¡ k 2 L)g

¡
MT

2P

1
P f 1

1 ¡ cos k 1 L

cos k 1L
C

1
P f 2

1 ¡ cos k 2 L

cos k 2 L
(50e)

As shown in Eq. (42), we can calculate the bending moment dis-
tribution of the BiSTEMs using the de� ection distributions. Thus,
substituting Eq. (49) into Eq. (42a) permits us to write Mi as

Mi D P f i P a i (sin k i x ¡ tan k i L cos k i x)

¡ MT 1 ¡
cos k i x

cos k i L
(51)

To obtain the locationwhere the maximumbendingmoment occurs,
let the partial derivativeof the preceding equation with respect to x
be equal to zero and solve it for x . The location xm of the maximum
bending moment of the BiSTEM is given by

xm

L
D 1

k i L
tan¡1 P f i P a i cos k i L

MT ¡ P f i P a i sin k i L
(52)

If the dimensionless value xm / L calculated by the equation has a
value other than between 0 and 1, the maximum bending moment
occurs at the � xed end of the BiSTEM.

Quasistatic Response of HST Solar Array
It is expected that structural responses vary signi� cantly with

P . First, Fig. 6a shows time histories of the BiSTEM tip de� ec-
tions when the average compressive axial force P takes the design
value 14.75 N. The horizontalaxis uses a nondimensionaltime with
the characteristic thermal response time t D 23.8 s. Because the
temperature difference between the heated and the unheated sides
increases with time, as shown in Eq. (38), the de� ections also in-
crease with time. Figure 6a shows that de� ections of the outer and
the innerBiSTEMs are different in spite of the uniform heating,due
to the torsional deformation. Figure 6b shows time histories of the
maximum bending moments of the BiSTEMs. The location where
the maximum bendingmoment occurs is calculatedby Eq. (52) and
is independent of time. The larger bending moment occurs on the
outerBiSTEM, and themaximumbendingmoment locationis about
34% of the length from the � xed end. Figure 7 shows distributionsof
the steady-state de� ections and bending moments of the BiSTEMs
along the length. The results show that the torsion causes a large
de� ection and bending moment of the outer BiSTEM.

Next, we examine the variation of the quasistatic structural re-
sponse with the average P . Because time histories are considered
to be essentially similar to the results shown in Fig. 6, we consider
the steady-statede� ections and bending moments of the BiSTEMs.
Figure 8 shows variations of tip de� ections and tip rotation an-
gle, which is equal to the rotation angle of the spreader bar, of the
BiSTEM with P . Because the deformationsare almostpure bending
when P is small, the � gures are shown for P > 12 N. It is clearly

a) Tip de� ections

b) Maximum bending moments

Fig. 6 Time histories of quasistatic responses of HST solar array sub-
ject to uniform radiation heating.
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Fig. 7 Steady-state distributions of de� ections and bending moments
of BiSTEM.

Fig. 8 Variations of tip de� ections and rotation with average axial
force of BiSTEM.

shown that, as P approaches Pcr , torsional deformation becomes
dominant, similar to the de� ection due to the offset d (see Fig. 5).

Variationsof the steady-statede� ectionsand bendingmomentsof
the BiSTEMs with the average axial force are shown in Fig. 9. Fig-
ure 9a shows the de� ections of the BiSTEM. When P is smaller
than about 14.0 N, bending deformation is dominant. But if P
exceeds about 14.5 N, torsional deformation becomes dominant,
and the magnitudes of the deformations are strongly dependent on
P. Figure 9b shows bending moment distributions of the BiSTEM
along their axis for the averageaxial force close to the critical buck-
ling force. Large bending moments occur, especially on the outer

a) BiSTEM de� ection

b) Bending moment

Fig. 9 Changes of steady-state responses of HST solar array with av-
erage axial force.

BiSTEM at 20–40% of the length from the � xed end. This maxi-
mum bending location agrees with the position where photographs
show the failure occurred. According to Ref. 6, maximum bending
moments for the acceptance and ultimate static load tests applied
to the BiSTEM are 3.93 and 7.69 N ¢ m, respectively. Reference 6
showed that a BiSTEM could withstand a bendingmoment of 12.15
N ¢ m without failure. The present analysis shows that, if the solar
array was subjected to radiation heating with the compressive axial
force P near the critical buckling force Pcr for torsion, then failure
of the outer BiSTEM of the solar array is likely to occur in a manner
consistent with results in the astronauts’photographs.

Conclusions
Theoretical analyses of the buckling characteristicsand the qua-

sistatic thermal–structural responses of an asymmetric � exible
rolled-up solar array were presented.The analyses were based on a
generalized� exible rolled-upsolar arraymodel assumingasymmet-
ric loading conditionsbecause of geometric asymmetry. Numerical
calculations were conducted using the data for the solar arrays of
the HST.

The buckling analysis established the possible critical buckling
forces and buckling modes and showed that, for the HST solar ar-
ray, buckling will occur in torsion. The lowest buckling force was
slightlylargerthan the typicaldesignvalueof the solararray.Though
all buckling modes were in� uenced by the bending–torsional cou-
pling, the � rst mode was dominated by torsional deformation, the
second was bending, and the higher modes were affected consid-
erably by the coupling. Calculated results also suggested that the
torsional buckling force rose and the bending buckling force fell
because of the bending–torsion coupling effects.



MUROZONO AND THORNTON 155

The effects of the out-of-planeoffset of the � xed supportedend of
the solar blanketon the bending–torsional couplingdeformationsof
the solar array were investigated. The results showed that bending
deformationsof the whole solar array occur if the compressiveaxial
force of the BiSTEM is small, but torsional deformations became
dominant as the axial force increased to the critical buckling force.

Quasistatic structural responses of the solar array subjected to
sudden radiation heating such as typical night–day transition in or-
bit were also presented. Both time histories and steady-state distri-
butions of de� ections and bending moments of the HST solar array
were calculated. The results showed that the structural response
depends signi� cantly on the compressive axial force. When the ax-
ial force was close to the buckling force, large bending moments
occurred at the midpoint of the outer BiSTEM. The values of the
calculated maximum bending moments were as large as the design
ultimate value when the axial force was close to the critical buck-
ling force. This result suggests that thermally induced quasistatic
torsionaldeformationmay have caused the failure of the solar array
BiSTEM.
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